By contrast, in the p-adic world, it has long been known that the main conjectures of Iwasawa theory provide a precise link between the Z p -corank of the p-primary subgroup of X(E/Q) and the multiplicity of the zero of certain p-adic L-functions at the point s = 1 in the p-adic plane, at least when E has potential good ordinary reduction at p. However, it seems that little effort has been made so far to exploit this deep connexion for theoretical purposes, and the only numerical applications to date are given in the recent paper [17] , see also [15] , [14] for the case of supersingular reduction at p . The aim of this paper is to make some modest first steps in this direction in the special case of elliptic curves with complex multiplication. We begin with a theoretical result. For each prime p, let t E/Q,p denote the Z p -corank of the p-primary subgroup of X(E/Q). While we cannot prove the vanishing of t E/Q,p for infinitely many p in any new cases, we can at least establish the following rather general weak upper bound for t E/Q,p for sufficiently large good ordinary primes p. Theorem 1.1. Assume that E/Q admits complex multiplication. For each ǫ > 0, there exists an explicitly computable number c(E, ǫ), depending only on E and ǫ, such that
for all primes p ≥ c(E, ǫ) where E has good ordinary reduction.
We remark that a much stronger form of Theorem 1.1 is known in the geometric analogue (i.e. the case of an elliptic curve over a function field in one variable over a finite field), thanks to the work of Artin and Tate [22] . Indeed, their work shows that, in the geometric analogue, the number of copies of Q p /Z p occuring in the Tate-Shafarevich group has an absolute upper bound which is independent of p. We also note in passing that, after many special cases were established by earlier authors, the Dokchitser brothers [7] have finally proven that, for all elliptic curves E over Q and all primes p, the parity of g E/Q + t E/Q,p is equal to the parity of the order of zero at s = 1 of the complex L-function of E/Q; in particular, the parity of t E/Q,p does not depend on p.
In the second part of the paper, we show that the p-adic methods of Iwasawa theory enable one to push numerical calculations of t E/Q,p over a much larger range of p where E admits good ordinary reduction than is possible by classical methods. We consider the elliptic curves (2) y 2 = x 3 − 17x and (3) y 2 = x 3 + 14x.
Both curves admit complex multiplication by the ring of Gaussian integers Z[i], and have g E/Q = 2. The conjecture of Birch and Swinnerton-Dyer predicts that X(E/Q) = 0 for both curves. Theorem 1.2. For the elliptic curves (2) and (3), we have t E/Q,p = 0 for all primes p with p ≡ 1 mod 4 and p < 13500, excluding p = 17 for (2). Moreover X(E/Q)(p) = 0 for all such primes p.
It is surprising that, for the curve (2), the p-adic L-function we consider has no other zeroes beyond the zero of order 2 arising from the fact that E(Q) has rank 2, for all primes p < 13500 with p ≡ 1 mod 4 and p distinct from 17 (more precisely, our computations show that, for this curve and these primes p, the power series
, whose existence is given by Proposition 2.4, is of the form T 2 . J p (T ), where
. For the curve (3), there are additional zeroes for precisely the two primes p = 29 and 277 amongst all p ≡ 1 mod 4 with p < 13500.
We are grateful to C. Wuthrich for his comments on our work, and some independent numerical calculations based on [17] .
p-adic L-functions and the main conjecture
In this section, we briefly explain the theoretical aspects of the Iwasawa theory of elliptic curves with complex multiplication, which underlie the proof of Theorem 1.1, and the computational work described in §3. For a systematic account of the Iwasawa theory for curves with complex multiplication, see the forthcoming book [4] .
Let K be an imaginary quadratic field, and write O K for the ring of integers of K. We fix an embedding of K in C. Let E be an elliptic curve defined over K such that End K (E) ⊗ Z Q is isomorphic to K, where End K (E) denotes the ring of Kendomorphisms of E. It is well-known that E is isogenous over K to a curve whose ring of K-endomorphisms is isomorphic to O K . As the results we shall discuss depend only on the isogeny class of E, we shall assume henceforth that
The existence of such an elliptic curve defined over K implies, by the classical theory of complex multiplication, that K has class number 1. We choose a global minimal Weierstrass equation for E
whose coefficients a i belong to O K . Write ψ E for the Grössencharacter of K attached to E by the theory of complex multiplication. Recall that if v is a finite place of K such that E has good reduction at v, and if k v denotes the residue field of v, then the theory of complex multiplication shows that there is a unique element π v of End K (E) such that the reduction of π v modulo v is the Frobenius endomorphism of the reduction of E modulo v, relative to k v . The Grössencharacter ψ E is then given by ψ E (v) = π v . We write f for the conductor of ψ E . It is well known that the prime factors of f are precisely the primes of K where E has bad reduction. For each integer n ≥ 1, we define
Let L be the period lattice of the Néron differential
,
be the isomorphism given by
As we shall explain below (see (24)), it is well-known that
L(ψ n E , n) = 0 for n ≥ 3, since the Euler product converges when n ≥ 3 ( in fact, (8) also holds for n = 2, but the proof is more complicated). Put
If h is any integral ideal of K, we define
where h is any generator of h.
For each non-archimedean place w of M, let M w be the union of the completions at u of all finite extensions of K contained in M. We recall that the classical p ∞ -Selmer group of E over M is defined by
where w runs over all non-archimedean places of M. The Galois group of M over K operates on Sel p (E/M) in the natural fashion. If A is any O K -module, A(p) will denote the submodule consisting of all elements which are all annihilated by some power of a generator of p. Then we have the exact sequence
where X(E/M) denotes the Tate-Shafarevich group of E over M. We will also need to consider the compact Z p -module
When M is any finite extension of K, classical arguments from Galois cohomology show that X p (E/M) is a finitely generated Z p -module. In particular, we define
It is clear from (11) that we have (14) 
where
We denote the number of roots of unity in K by w. 
In fact, a stronger form of the theorem holds if E is defined over Q. Assume therefore that E is defined over Q, and write L(E/Q, s) for the Hasse-Weil L-function of E over Q. By the theorem of Deuring-Weil, we have
where the L-function on the right is the complex L-function attached to the Grössencharacter ψ E . Put
As E is defined over Q, it has real periods, and we define Ω + ∞ to be its smallest positive real period. Thus
where α(E) is some non-zero element of O K . Put
LetẼ p denote the reduction of E modulo p.
We shall say a prime p satisfying (i), (ii), (iii), and (iv) of Theorem 2.2 is exceptional for E if (22) ord p (c
For example, for the curve (3), with g E/Q = 2, the primes p = 29, 277 are the only exceptional primes congruent to 1 mod 4 for p < 13500. However, for p = 29, 277, our calculations show that ord p (c + p (E)) = 3, and so X(E/K)(p) is finite. For these two exceptional primes, C. Wuthrich computed the Mazur-Swinnerton-Dyer p-adic L function for the curve E defined by (3) , and showed in this way that we have also that X(E/K)(p) = 0 for both primes. It is surprising that there are no exceptional primes p congruent to 1 mod 4 for the curve (2) with p < 13500.
For all integers n ≥ 1, let E * n (z, L) denote the Eisenstein series of L, as defined by Eisenstein (see Weil [21] or [9] ). In particular, for n ≥ 3, we have
The following fundamental formula, which will be the basis of our subsequent work, is proven in [5] .
Theorem 2.3. Let f be any generator of the conductor f of ψ E . Then, for all integers
, and
Note that (7) is an immediate consequence of this result.
We now fix a prime number p satisfying (p, f) = (p, w) = 1 and pO K = pp * , where p, p * are distinct ideals of K. We pick one of these primes, say p, and an embedding
which induces p on K. For simplicity, we shall usually omit i p from subsequent formulae. As was shown in [6] , (see also [4] ), there exists a p-adic L-function which essentially interpolates the image of the L-values (7). We only state the precise result for the branch of this p-adic L-function which is needed for the proof of Theorem 1.1.
LetÊ p be the formal group of E at p, so that we can take t = −x/y to be a parameter ofÊ p . LetĜ m be the formal multiplicative group, and write u for its parameter. Denote by I the ring of integers of the completion of the maximal unramified extension of Q p . If T is a variable, then I[[T ]] will denote, as usual, the ring of formal power series in T with coefficients in I. AsÊ p is a formal group of height 1 ( in fact, it is even a LubinTate group over Z p attached to the parameter ψ E (p)), it is well-known that there is an isomorphism over I
which is given by a formal power series
Assume Ω ∞ and Ω p are fixed. Then there exists a unique power series
For a proof of the existence of this p-adic L-function H p (T ), see [6] or [4] . Note that when n ≡ 1 mod (p − 1), f is the exact conductor ofψ n E , and so
This p-adic L-function is related to descent theory on E via the so-called "one variable main conjecture" for the Iwasawa theory of E over the unique Z p -extension of K unramified outside p. Define
which is an isomorphism becauseÊ p is a Lubin-Tate group. Let K ∞ be the unique Z pextension contained in F ∞ (class field theory shows that K ∞ is the unique Z p -extension of K unramified outside p). Put
where U runs over the open subgroups of Γ. There is a natural continuous action of Γ on X p (E/K ∞ ), and this extends to an action of the Iwasawa algebra Λ(Γ). Since it is known that X p (E/K ∞ ) is a finitely generated torsion Λ(Γ)-module (see [6] , [4] ), it follows from the structure theory for such modules that there is an exact sequence of Λ(Γ)-modules
where f 1 , · · · , f r are non-zero elements of Λ(Γ) and D is a finite Λ(Γ)-module. We now pick the unique topological generator γ p of Γ such that χ p (γ p ) = 1 + p, and write
for the unique isomorphism of topological Z p -algebras with j(γ p ) = 1 + T. For simplicity, put
The power series B p (T ) is uniquely determined up to multiplication by a unit in
, and is called a characteristic power series for X p (E/K ∞ ). We shall make essential use of the following deep result (see [16] , or [4] ).
Theorem 2.5. (One variable main conjecture)
In addition, we shall need (see [13, Chap. 4, Cor. 16]):-Proposition 2.6. The two groups X(E/K)(p) and X(E/K)(p * ) have the same Z pcorank. In particular, one is finite if and only if the other is also finite.
We can now prove Theorem 2.1. Since χ p is an isomorphism, we have E p ∞ (K ∞ ) = 0. It follows that the restriction map from S p (E/K) to S p (E/K ∞ ) is injective, and by duality, we obtain a surjective Γ-homomorphism
Recall that s p denotes the Z p -rank of X p (E/K). As Γ acts trivially on X p (E/K), it follows from (31) by a well-known property of characteristic ideals of torsion Λ(Γ)-modules, that
. Hence we conclude from Theorem 2.5 that
Evaluating both sides at (1+p) n−1 −1 for any n in Z, we conclude that we always have
Taking n = p, and noting that 1 −
is a unit at p, we conclude from (33) and Proposition 2.4 that
Replacing p by p * , the same argument shows that
Hence (15) follows. Moreover, if m p = n E/K , then t p = 0 and so t p * = 0 by Proposition 2.6. A similar argument holds if m p * = n E/K . This completes the proof of Theorem 2.1.
Corollary 2.7. We have m p = n E/K if and only if the characteristic power series of
Proof. If m p = n E/K , the above argument shows that we must have s p = n E/K , and h(0) a p-adic unit. It follows from Theorem 2.5 that B p (T ) must be of the form
. Conversely, if the characteristic power series of X p (E/K ∞ ) can be taken
, whence it is plain that m p = n E/K . This completes the proof.
Our numerical calculations show that, for the elliptic curve
Thus for all such primes, with the exception of these two, the characteristic power series of
We now establish Theorem 2.2. Assuming that E is defined over Q, we have
for all integral ideals a of K with (a, f) = 1. Hence
Evaluating at s = p, we conclude that
As Ω + ∞ is real, it follows that c + p (E) ∈ K ∩ R = Q. As before, let t p (resp. t p * ) be the Z p -corank of X(E/K)(p) (resp. X(E/K)(p * )), and let t E/Q,p be the Z p -corank of X(E/Q)(p). Then we claim that
Indeed, the second equality is just Proposition 2.6. To prove the first equality, note that E is isogenous over Q to the twist E ′ of E by the quadratic character of K (see, for example, [8] ). Thus, X(E/Q)(p) and X(E ′ /Q)(p) have the same Z p -corank, and hence the Z p -corank of X(E/K)(p) is equal to 2t E/Q,p . On the other hand, the Z p -corank of X(E/K)(p) is clearly equal to t p + t p * = 2t E/Q,p , by Proposition 2.6. Hence t E/Q,p = t p , thereby proving (37).
Assume now that X(E/K)(p) is infinite, so that t E/Q,p > 0. The parity theorem for E/Q and the prime p (due to Greenberg in this case, but see the more general results of [7] , [12] ) asserts that g E/Q + t E/Q,p ≡ r E/Q mod 2.
By our hypothesis that g E/Q and r E/Q have the same parity, it follows that t E/Q,p must be even, and therefore t E/Q,p ≥ 2, in particular. Hence by (37) t p ≥ 2. Noting that g E/Q = n E/K , and that (p, α(E)) = 1, we conclude from (34) that
Hence, if (20) holds, then we must have X(E/K)(p) is finite. Assume now that ord p (c + p (E)) = g E/Q . We deduce easily from Theorem 2.5 and (32), that
Hence, by an important general theorem of Perrin-Riou [13] , it follows that the canonical p-adic height pairing
where O is embedded in Z p via i p , is non-degenerate. Further, we have that
is also a p-adic unit, where det denotes the determinant of the height pairing; for this last assertion, we need our hypothesis that (p, 6) = 1. However, ifẼ p (F p ) has order prime to p and (p, 6) = 1, then it follows from the results of [13] that det < , > p is a p-adic integer. Hence we conclude from (38) that X(E/K)(p) is trivial. A similar argument proves the corresponding statement for X(E/K)(p * ) and this completes the proof of Theorem 2.2.
We next establish an upper bound for t p and t p * when p is a sufficiently large prime which splits in K as pO K = pp * .
Theorem 2.8. For each ǫ > 0, there exists an explicitly computable number c(E, ǫ), depending only on E and ǫ, such that
We note that, when E is defined over Q, Theorem 1.1 is an immediate consequence of this result, since, thanks to (37), we then have t E/Q,p = t p , n E/K = g E/Q .
We now give the proof of Theorem 2.8 which is a simple application of the formula (24), and the fact that L(ψ p E , p) = 0 (recall that the latter assertion is true because the Euler product for L(ψ p E , s) converges for s = p). Put
We emphasize that in the proof E is fixed and p is varying over all sufficiently large prime numbers which split in K. Proof. We may assume p ≥ 3. By (23), we have
Let B denote a set of integral ideals of K, prime to f, such that the Galois group of K(E f )/K consists precisely of the Artin symbols σ b of the ideals b in B. From the definition of the Grössencharacter ψ E and (41), we have
Thus, by Cauchy's integral formula, we obtain
where C b is a circle with centre
and sufficiently small radius so that no element of L lies in or on C b . Estimating the integral, it is plain that
where d 2 > 1 depends only on E. Summing over all b in B, the assertion of the lemma follows.
Lemma 2.10. There exists a rational integer d 3 > 1, depending only on E and not on p, such that d
is an algebraic integer.
Proof. We may assume that p ≥ 5. Since
for any complex number λ, it suffices to prove the lemma when our generalized Weierstrass equation (5) for E has the property that g 2 (L)/2 and g 3 (L) both belong to O K ; here g 2 (L) and g 3 (L) denote the usual Weierstrass invariants attached to (5) . Now the differential equation
implies that
A simple recurrence argument on n then shows that, for all n ≥ 1, we have
where D n (X) is a polynomial in O K [X] of degree n + 1. It follows immediately that
, the assertion the lemma is now clear from (41), on taking d 3 to be a positive integer such that
are algebraic integers.
We can now complete the proof of Theorem 2.8. We may assume that (p, f) = (p, w) = 1. By (24), we then have
and similarly for p * . Moreover, in view of Lemmas 2.9 and 2.10, 
It follows that, we conclude that for each ǫ > 0, we have
for all p ≥ c(E, ǫ)). On the other hand, by Theorem 2.1, and (42), we have
when p ≥ c(E, ǫ). As s p = s p * , the proof of the theorem is complete.
Define the p-adic L-functions
where s is now a variable in Z p . Put
We end this section by remarking that exactly the same argument which establishes Theorem (2.8) proves the following result.
Theorem 2.11. For each ǫ > 0, there exists an explicitly computable number c(E, ǫ) such that r E,p + r E,p * ≤ 2(1 + ǫ)p for all primes p ≥ c(E, ǫ) with p splitting in K as pO K = pp * .
Computations for y
The goal of this section is to explain how one can use formula (24) to compute
where D is a fourth-power free non-zero rational integer. For this family of curves, K = Q(i) and the isomorphism (4) is given explicitly by mapping i to the endomorphism which sends (x, y) to (−x, iy). See [1] , [10] for earlier computational work on the Iwasawa theory of this family of curves. We begin by analysing the Galois theory of the fields K(E f ) where f again denotes the conductor of ψ E . If h is any integral ideal of K, we write
The next lemma is a very easy consequence of the existence of the Grössencharacter ψ E (see [5] , Lemma 3, or [3] , Lemma 7) and the fact that no root of unity in K is ≡ 1 mod h, when h is a multiple of f.
Lemma 3.1. Let h be any integral ideal of K which is divisible by the conductor f of ψ E . Then K(E h ) coincides with the ray class field of K modulo h. In particular, the degree of
The following well-known lemma computes f for the curve E.
Lemma 3.2. Let ∆ be the product of the distinct prime factors of
Let E ′ denote the elliptic curve in our family with D = 1, i.e.
(44)
Lemma 3.3. Assume that E = E D with D divisible by an odd power of an odd prime. Then the extension K E (1+i) k is equal to K when k = 1, to K(D 1/2 ) when k = 2, and to
and this field has degree 2 k−1 over K, and degree 4 over K E
Proof. The assertions for k = 1 and k = 2 are readily verified.
given by mapping the point (x, y) on E to the point (x/α 2 , y/α To prove the lemma, it therefore suffices to show that there exists an element τ of Gal(K(E D )/K) such that τ fixes R D , and τ is of exact order 4. We do this as follows. As remarked in the previous paragraph,
Recalling that multiplication by i on E ′ is given by sending (x, y) to (−x, iy), it follows that there exists σ in Gal(
Now let σ denote any extension of σ to the field
Since this field has degree at most 2 over K(E ′ D ), we must have that either σ(α) = −α or σ(α) = α. Applying σ to (u ′ , v ′ ), we conclude from (46) that
It follows from these formulae that σ 4 fixes K(E D ), but σ 2 does not. Also σ fixes R D . Hence we may take τ to be restriction of σ to Gal(K(E D )/K), and the proof of the lemma is complete. 
By the Weil pairing, K(E ′ M ) contains the field of of |M|-th roots of unity, and hence also √ M . Similarly, K(E ′ 8 ) contains the eighth roots of unity, and so also √ 2. But K( √ 2)/K is an extension of degree 2, and thus, by (47),
But E and E ′ are isomorphic over K(α), whence
On the other hand, it is clear that [
and the proof of the lemma is complete.
We now briefly describe the theoretical steps underlying our numerical calculations of ord p (c + p (E)) for the curve E when D is divisible by at least one odd prime. The Weierstrass equation associated to E is
for the conductor of ψ E , and define
By Lemma 3.1, K(E f ) is the ray class field of K modulo f. Hence
and the degree of
As f is divisible by at least two distinct primes of K, a theorem of Cassels [2] shows that both u and v are algebraic integers. Moreover, we can compute explicitly the monic irreducible polynomial of u over Z[i], which has degree d, and which we denote by G(X). Once we have computed this polynomial G(X), we can determine
recursively, using the following classical formula. Let
where σ 
Now we recall that, by virtue of formulae (23) and (24), we have
where α(E) is as in (18), and
for all odd primes p. For our curve E = E D , we have w = 4. Moreover, we have
where Ω = 2.622058 · · · is the least positive real period of the curve E ′ (44). Hence As explained in the proof of Lemma 2.10, we have As the theory tells us that v ∈ K(u), there exists a polynomial
In fact, in the numerical examples we have considered, it is always the case that J(X) belongs to
, and we shall assume henceforth that this is the case. Hence, multiplying together Bp−3 2 (X) and J(X), and using the fact that G ℘ Ω∞ f
, L = 0, we deduce that Finally, we note thatẼ p (F p ) has order prime to p for all p > 5 with (p, D) = 1. This is clear when p ≡ 3 mod 4, since thenẼ p is supersingular. For p ≡ 1 mod 4, say pZ[i] = p.p * , we have a p = Trace K/Q (ψ E (p)) must be even because 2 is ramified in Q(i), from which it follows that we cannot have a p = 1, which clearly implies the assertion for these primes p. For both cases, the polynomials G(X), J(X), Bp−3 2 (X), A p (X) have been computed explicitly, and are given at [19] , as they are too elaborate to include here. However, as an illustrative example where the coefficients are still not too enormous, we give now the polynomials B 13 (X), which occur for p = 29, For these two curves, and our range of p, our computations show that ord p (c + p (E)) = 2, except for the two primes p = 29, 277 for the curve with D = −14. Table I below gives the value of c + p (E) mod p 3 for both curves and our p in the range 5 ≤ p < 1000, while Table II gives the analogous data for p in the range 11000 < p < 12000. Again the values for all our p in the range p < 13500 can be found at [19] . 
